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A micromechanical framework is proposed to predict the eﬀective elastic behavior and weakened interface evolution of
particulate composites. The Eshelby’s tensor for an ellipsoidal inclusion with slightly weakened interface [Qu, J., 1993a.
Eshelby tensor for an elastic inclusion with slightly weakened interfaces. Journal of Applied Mechanics 60 (4), 1048–
1050; Qu, J., 1993b. The eﬀect of slightly weakened interfaces on the overall elastic properties of composite materials.
Mechanics of Materials 14, 269–281] is adopted to model spherical particles having imperfect interfaces in the composites
and is incorporated into the micromechanical framework. Based on the Eshelby’s micromechanics, the eﬀective elastic
moduli of three-phase particulate composites are derived. A damage model is subsequently considered in accordance with
the Weibull’s probabilistic function to characterize the varying probability of evolution of weakened interface between the
inclusion and the matrix. The proposed micromechanical elastic damage model is applied to the uniaxial, biaxial and tri-
axial tensile loadings to predict the various stress–strain responses. Comparisons between the present predictions with
other numerical and analytical predictions and available experimental data are conducted to assess the potential of the
present framework.
 2007 Elsevier Ltd. All rights reserved.
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Interfacial bonding condition is one of the most important factors that control the local elastic ﬁelds and
the overall properties of composites (Duan et al., 2007). The imperfect interfacial bonding may be due to dam-
age in a very thin interfacial layer known as interphase or interface (Nie and Basaran, 2005). The term imper-
fect interface is used to characterize a situation in which the displacements are discontinuous at the interface
between the inclusion and the matrix (Crouch and Mogilevskaya, 2006). The linear spring-layer of vanishing
thickness, which is the simplest model of an imperfect interface, assumes that interfacial traction becomes0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2007.06.019
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Mogilevskaya, 2006). Refer to Benveniste (1985), Aboudi (1987), Achenbach and Zhu (1989, 1990), Hashin
(1990, 1991), Zhu and Achenbach (1991), Qu (1993a,b), Sudak et al. (1999), and Mogilevskaya and Crouch
(2002) for a further literature review on imperfect interface.
Micromechanical damage models for composites considering interfacial debonding were proposed by many
researchers (e.g., Zhao and Weng, 1997; Ju and Lee, 2000, 2001; Lee, 2001; Liang et al., 2006; Liu et al., 2006;
Lee and Kim, 2007). They replaced the isotropic debonded inclusions by the perfectly debonded inclusions
with yet unknown transversely isotropic properties to describe the loss of the load-transfer capacity of deb-
onded interface between inclusion and matrix. Schjudt-Thomsen and Pyrz (2000) studied creep modeling of
short ﬁber reinforced composites with weakened interfaces and complex ﬁber orientation. Their approach
was based upon the Mori-Tanaka mean ﬁeld theory and the modiﬁed Eshelby’s tensor for an inclusion with
weakened interface proposed by Qu (1993a,b). A similar work was previously conducted by Jun and Haian
(1997). Zhong et al. (2004) studied three-dimensional micromechanical modeling of particulate composites
with imperfect interface. In their derivations, the imperfect interface was characterized by a spring-type model
assuming that the traction continuity remains intact, while the displacement experienced a jump proportional
to the interfacial traction. Recently, Ju and Ko (submitted for publication) proposed a new micromechanical
elastoplastic progressive damage model where the partial debonding at the ﬁber interface was represented by
the growing debonding angles of arc microcracks.
A micromechanical framework is proposed in the present study to predict the eﬀective elastic behavior and
weakened interface evolution of particulate composites. The schematic of a particulate composite with weak-
ened interfaces is illustrated in Fig. 1. In order to model spherical particles having imperfect interfaces in the
composite, the Eshelby’s tensor for an ellipsoidal inclusion with slightly weakened interface (Qu, 1993a,b) is
adopted. Based on the Eshelby’s micromechanics, the eﬀective elastic moduli of three-phase particulate com-
posites are derived. A damage model is subsequently considered in accordance with the Weibull’s probabilistic
function to describe the varying probability of evolution of weakened interface between the inclusion and the
matrix.
The novelty in the present derivation is in the simplicity and ﬂexibility of the model to represent the weak-
ened interface evolution with limited number of model parameters. It is also straightforward to extend the pro-
posed model to be used as a multi-level damage model, where some initially perfectly bonded particles may be
transformed to particles with mildly weakened interface, some particles with mildly weakened interface may
then be transformed to particles with severely weakened interface, and all particles may be transformed to
completely debonded particles asymptotically.
In our derivations, the particles are assumed to be elastic spheres that are randomly dispersed in an elastic
matrix. All particles are assumed to be non-interacting and initially embedded ﬁrmly in the matrix with perfectMatrix (phase 0) 
Perfectly bonded 
particle (phase 1) 
Matrix (phase 0)
Perfectly bonded
particle (phase 1)
Particle with 
weakened interface 
(phase 2) 
a b
Fig. 1. Schematics of a particulate composite subjected to uniaxial tension: (a) the initial state; (b) the damaged state.
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stresses of the particles as well as the Weibull parameters (Weibull, 1951). The proposed micromechanical elas-
tic damage model is then applied to the uniaxial, biaxial and triaxial tensile loadings to predict the various
stress–strain responses. Comparisons between the present predictions with other numerical and analytical pre-
dictions and available experimental data are conducted to further assess the potential of the present
framework.
The present paper is organized as follows. A micromechnics-based constitutive model for three-phase par-
ticulate composites containing perfectly bonded spherical particles and spherical particles with weakened
interfaces is derived in Section 2. In Section 3, an evolutionary damage model for weakened interface is con-
sidered in accordance with the Weibull’s probabilistic function. The internal stresses of particles, which is the
controlling factor of the Weibull function, are also derived in Section 3. Elastic stress–strain relations for the
three-phase particulate composites are applied to the uniaxial, biaxial and triaxial loading conditions to pre-
dict the various stress–strain responses in Section 4. Finally, the present predictions are compared with other
numerical (Ju and Lee, 2001) and analytical (Kerner, 1956; Halpin and Kardos, 1976) predictions as well as
available experimental data (Zhou et al., 2004) to assess the potential of the present micromechanical frame-
work in Section 5.
2. A micromechnics-based constitutive model for particulate composites with weakened interfaces
2.1. Recapitulation of the Eshelby’s tensor for an ellipsoidal inclusion with slightly weakened interface
Qu (1993a,b) derived the Eshelby’s tensor for an ellipsoidal inclusion with slightly weakened interface in an
elastic matrix of inﬁnite extent. The weakened interface between the inclusion and the matrix was modeled by
a spring layer of vanishing thickness. The Eshelby’s tensor for an ellipsoidal inclusion with slightly weakened
interface (Qu, 1993a,b) is adopted to model spherical particles having imperfect interfaces in particulate com-
posites and is incorporated into the micromechanical framework. The summary of the Eshelby’s tensor
derived by Qu (1993a,b) is repeated here for completeness of the proposed elastic damage model.
With the help of the Green’s function in the unbounded domain, the strain ﬁeld inside an elliptical inclusion
in a homogeneous linearly elastic solid can be represented by (Qu, 1993b)ijðxÞ ¼ Sijklkl þ T ijstðxÞðI stkl  SstklÞkl
 SMijklðxÞkl
ð1Þwhere S is the (original) Eshelby inclusion tensor, * is the uniform eigenstrain, I is the fourth-rank identity
tensor and the fourth-rank tensor T is given byT ijpqðxÞ ¼ LklmnLpqst
Z
S
gksGijmnðn xÞntnl dSðnÞ ð2Þin which L is the fourth-rank elasticity tensor, G(x) is related to the Green’s function / given in Eq.(2.6a) and
the Appendix of Qu (1993b), and n denotes the unit outward normal vector. In addition, the second-order
tensor gij denoting the compliance of the interface spring layer is given by (Qu, 1993a)gij ¼ adij þ ðb aÞninj ð3Þ
where a and b represent the compliance in the tangential and normal directions of the interface and dij signiﬁes
the Kronecker delta. Since Sijkl ¼ Lklmn
R
X Gijmnðn xÞdV ðnÞ, one arrive at (Qu, 1993b)SMijkl ¼
1
X
Z
X
SijklðxÞdV ðxÞ ¼ Sijkl þ ðI ijpq  SijpqÞHpqrsLrsmnðImnkl  SmnklÞ ð4ÞwhereHpqrs ¼ 1
4X
Z
s
ðgiknjnl þ gjkninl þ gilnjnk þ gjlninkÞdS ð5ÞIn the case of spherical inclusions, Hijkl can be simpliﬁed as (Qu, 1993b)
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in whichP ijkl ¼ 1a Iijkl ð7Þ
Qijkl ¼
1
5a
ð2I ijkl þ dijdklÞ ð8ÞHere, a denotes the radius of inclusion. Further details of the derivation of the Eshelby’s tensor for an ellip-
soidal inclusion with slightly weakened interfaces can be found in Qu (1993a,b).
2.2. Eﬀective elastic moduli of three-phase particulate composites
Let us consider an initially perfectly bonded two-phase composite consisting of an elastic matrix (phase 0)
with bulk modulus j0 and shear modulus l0, and randomly dispersed elastic spherical particles (phase 1) with
bulk modulus j1 and shear modulus l1. As loadings or deformations are applied, some particles may be weak-
ened in their interfaces (phase 2).
The eﬀective stiﬀness tensor C* for the three-phase composite can be derived based on the governing equa-
tions for linear elastic composites containing arbitrarily non-aligned and/or dissimilar inclusions (Ju and
Chen, 1994) asC ¼ C0  Iþ
X2
r¼1
f/rðAr þ SrÞ1  ½I /rSr  ðAr þ SrÞ11g
" #
ð9Þwhere C0 is the elasticity tensor of the phase 0 (matrix), ‘‘Æ’’ is the tensor multiplication, /r denotes the volume
fraction of the r-phase inclusion, and Sr signiﬁes the Eshelby’s tensor for the r-phase. The fourth-rank tensor
Ar is deﬁned asAr  ðCr  C0Þ1  C0 ð10Þ
where Cr is the elasticity tensor of the r-phase. The components of Eshelby’s tensor S1 for a (perfectly bonded)
spherical particle embedded in an isotropic linear elastic and inﬁnite matrix can be derived asðS1Þijkl ¼
1
15ð1 m0Þ fð5m0  1Þdijdkl þ ð4 5m0Þðdikdjl þ dildjkÞg ð11Þwhere m0 denotes the Poisson’s ratio of the matrix.
By carrying out the lengthy algebra, the Eshelby’s tensors S2 for a spherical particle with weakened inter-
face embedded in an isotropic linear elastic and inﬁnite matrix given in Eq. (4) can be rephrased asðS2Þijkl ¼
1
1200að1 m0Þ2
½fð80þ 480m0  400m20Þaþ 500ð1 2m0Þ2k0b
þ ð98þ 140m0  50m20Þl0aþ ð268 1240m0 þ 1300m2oÞl0bgdijdkl
þ fð320 720m0 þ 400m20Þaþ l0ð3aþ 2bÞð7 5m0Þ2gðdikdjl þ dildjkÞ ð12Þwhere k0 denotes the Lame constant of the matrix. Substituting Eqs. (11) and (12) into Eq. (9) yields the eﬀec-
tive stiﬀness tensor C* for the three-phase particulate composite asC ¼ kdijdkl þ lðdikdjl þ dildjkÞ ð13Þ
Accordingly, the eﬀective Lame constant k* and the shear modulus l* for the three-phase composite can be
expressed ask ¼ ð3k0 þ 2l0ÞðK1 þ K3Þ þ 2k0ð12 þ K2 þ K4Þ ð14Þ
l ¼ 2l0ð12 þ K2 þ K4Þ ð15Þwhere the components K1, . . . ,K4 are listed in Appendix A.
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posite are easily obtained through the following relationsE ¼ l
ð3k þ 2lÞ
k þ l ð16Þ
m ¼ k

2ðk þ lÞ ð17Þ3. Damage modeling
Imperfect interfaces between inclusion and matrix in particulate composites may occur as deformations or
loadings continue to increase, and may aﬀect the load-carrying capacity and the overall stress–strain behavior
of the composites. For convenience, following Tohgo and Weng (1994) and Zhao and Weng (1995, 1996,
1997), the probability of weakened interface is modeled as a two-parameter Weibull process. Assuming that
the Weibull (1951) statistics governs and the average internal stresses of particles are the controlling factor of
the Weibull function, one can express the current volume fraction of particles with weakened interface /2 at a
given level of ðr11Þ1 (see also Ju and Lee, 2001)/2 ¼ /Pd ½ðr11Þ1 ¼ / 1 exp 
ðr11Þ1
S0
  M" #( )
ð18Þwhere / is the original particle volume fraction, Pd denotes the cumulative probability distribution function of
weakened interface for the uniaxial tensile loading (in the 1-direction), ðr11Þ1 is the internal stress of particles
(phase 1) in the 1-direction, the subscript (Æ)1 denotes the particle phase, and S0 and M are the Weibull param-
eters. For the biaxial and hydrostatic tensile loadings, ðr11Þ1 in Eq. (18) are replaced by ½ðr22Þ1 þ ðr33Þ1=2 and
½ðr11Þ1 þ ðr22Þ1 þ ðr33Þ1=3, respectively.
Within the context of the ﬁrst-order (noninteracting) approximation, the stresses inside particles should be
uniform. The internal stresses of particles required for the initiation of the weakened interface were explicitly
derived by Ju and Lee (2000) asr1 ¼ C1  ½I S1  ðA1 þ S1Þ1  I
X2
m¼1
/mSm  ðAm þ SmÞ1
" #1
:   U :  ð19ÞBy carrying out the lengthy algebra, the components of the positive deﬁnite fourth-rank tensor U for the pres-
ent model are explicitly given byUijkl ¼ U 1dijdkl þ U 2ðdikdjl þ dildjkÞ ð20Þ
whereU 1 ¼ ð1 2n2  2n4Þ n1ð3k1 þ 2l1Þ þ k1ð/1  2n2Þf g þ 2l1ðn1 þ n3Þð/1  2n2Þ/1ð1 2n2  2n4Þð1 3n1  2n2  3n3  2n4Þ
ð21Þ
U 2 ¼ l1ð/1  2n2Þ/1ð1 2n2  2n4Þ
ð22Þwhere /1 is the current volume fraction of perfectly bonded particles, k1 is the Lame constant of particles, and
the components n1, . . . ,n4 are listed in Appendix A.
In the case of tensile loading, the averaged internal stresses of particles can be obtained as follows (see also
Ju and Lee, 2000):ðr11Þ1 ¼ ðU 1 þ 2U 2Þ11 þ U 122 þ U 133 ð23Þ
ðr22Þ1 ¼ U 111 þ ðU 1 þ 2U 2Þ22 þ U 133 ð24Þ
ðr33Þ1 ¼ U 111 þ U 122 þ ðU 1 þ 2U 2Þ33 ð25Þwhere 11, 22 and 33 are the total strains in the 1, 2 and 3 directions, respectively.
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To illustrate the proposed micromechanical elastic damage model for particulate composites, let us ﬁrst
consider the uniaxial tension loading. In this case, the components of the macroscopic stress r can be
expressed as r11 6¼ 0 and rij ¼ 0 for all other stress components. According to the linear elasticity, the mac-
roscopic incremental elastic strain for this case reads (see also Ju and Lee, 2001)Fig. 2.
variouD ¼
1 0 0
0 m 0
0 0 m
0
B@
1
CADr11
E
ð26ÞFor convenience, we adopt the material properties and volume fraction of particles for the 6061-T6 alumi-
num alloy matrix/silicon-carbide particle composites according to Ju and Lee (2001) and Zhao and Weng
(1995): E0 = 68.3 GPa, m0 = 0.33, E1 = 490 GPa, m1 = 0.17, ry = 250 MPa; / = 0.2. The compliance param-
eters a and b given in Eq. (3), which are related to the components of Eshelby’s tensor S2 for spherical inclu-
sions with weakened interfaces, are assumed to be a = 2.0 and b = 3.0. Moreover, to address the inﬂuence of
the Weibull parameter S0 on the evolution of weakened interface and to evaluate the proposed elastic damage
model sensitivity to the Weibull parameter S0, three diﬀerent sets of Weibull parameters are used:
S0 ¼ 1:09  ry and M ¼ 5; S0 ¼ 2:18  ry and M ¼ 5; S0 ¼ 3:27  ry and M ¼ 5.
We plot the present predicted stress–strain responses of particulate composites with weakened interfaces
(weakened interface model) under uniaxial tension with various S0 values in Fig. 2. We also plot the pres-
ent predicted response of the perfectly bonded particulate composites (perfect bonding model) in the ﬁgure
for comparison. Figs. 3–5 exhibit the evolutions of perfectly bonded particles and particles with weakened
interface as functions of the uniaxial strains corresponding to Fig. 2. From Figs. 2–5, it is clear that lower
S0 leads to faster evolution of weakened interface, indicating that most particles are weakened in their0
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the prediction from the weakened interface model in Fig. 2 ðS0 ¼ 2:18  ryÞ.
8396 H.K. Lee, S.H. Pyo / International Journal of Solids and Structures 44 (2007) 8390–8406interfaces in early stage with lower S0 and the composites show the nonlinear stress–strain behavior. It is
also noted that the responses with the weakened interface are lower than the response without the weak-
ened interface.
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Fig. 5. The predicted evolution of volume fractions of perfectly bonded particles and particles with weakened interface corresponding to
the prediction from the weakened interface model in Fig. 2 ðS0 ¼ 3:27  ryÞ.
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diﬀerent loading cases, we consider biaxial and triaxial loading cases on next. In biaxial tensile loading case,
the components of the macroscopic stress r can be expressed as r22 ¼ r33 6¼ 0 and rij ¼ 0 for all other com-
ponents. From the linear elasticity, the macroscopic incremental elastic strain for a biaxial tensile loading is
given by (see also Ju and Lee, 2001)D ¼
2m 0 0
0 1 m 0
0 0 1 m
0
B@
1
CADr22
E
ð27ÞIn triaxial tensile loading case, the components of the macroscopic stress r can be expressed as
r22 ¼ r33 ¼ Cr11 6¼ 0 and all other rij ¼ 0 for all other components, where C is the proportional loading ratio.
In particular, C = 1 indicates a pure hydrostatic loading. From the linear elasticity, the macroscopic incremen-
tal elastic strain for a triaxial tensile loading can be expressed as (see also Ju and Lee, 2001)D ¼
1 2Cm 0 0
0 C ð1þ CÞm 0
0 0 C ð1þ CÞm
0
B@
1
CADr11
E
ð28ÞFigs. 6 and 8 show the present predicted stress–strain responses of particulate composites with weakened inter-
faces under biaxial and hydrostatic tension loadings with various S0 values, respectively. Figs. 7 and 9 exhibit
the evolution of particles with weakened interface as functions of the biaxial and hydrostatic strains corre-
sponding to Figs. 6 and 8, respectively. Similar to the uniaxial tensile loading case, lower S0 leads to faster
evolution of weakened interface and lower stress–strain response. It is also observed that hydrostatic tension
results in higher stress–strain behavior, which corresponds to ﬁndings from Ju and Lee’s (2001) observations.
Lastly, to examine the eﬀect of varying a and b values on the stress–strain response of the proposed micro-
mechanical framework, we conduct a parametric analysis of a and b. Four diﬀerent sets of the compliance
parameters are used: a = 2.0 and b = 3.0; a = 2.0 · 104 and b = 3.0 · 104; a = 2.0 · 105 and
0100
200
300
400
500
600
700
0.000 0.001 0.002 0.003 0.004 0.005
Strain [ε22(=ε33)]
St
re
ss
 [σ
22
(=
σ
33
)] 
(M
Pa
)
perfectly bonded
3.27
2.18
1.09
rf t bonding
weakened interface ( 0S σ
σ
σ
= 3.27* y)
weakened interface ( 0S = 2.18* y)
weakened interface ( 0S = 1.09* y)
Fig. 6. The present predicted stress–strain responses of particulate composites with weakened interfaces under biaxial tension with various
S0 values.
0
0.05
0.1
0.15
0.2
0.000 0.001 0.002 0.003 0.004 0.005
Strain [ε22(=ε33)]
Fi
be
r V
ol
um
e 
Fr
ac
tio
n
3.27
2.18
1.09
0S = 3.27*σ
σ
σ
y
0S = 2.18* y
0S = 1.09* y
Fig. 7. The predicted evolution of volume fraction of particles with weakened interface corresponding to the predictions from the
weakened interface model in Fig. 6.
8398 H.K. Lee, S.H. Pyo / International Journal of Solids and Structures 44 (2007) 8390–8406b = 3.0 · 105; a = 2.0 · 106 and b = 3.0 · 106. Fig. 10 exhibit the present predicted stress–strain responses
of particulate composites with weakened interfaces under uniaxial tension with various values of a and b. It is
seen from the ﬁgure that as the values of a and b become higher, the eﬀect of weakened interface on the stress–
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H.K. Lee, S.H. Pyo / International Journal of Solids and Structures 44 (2007) 8390–8406 8399strain behavior is more pronounced. Further, it is shown from the parametric analysis that the converged val-
ues of the parameters for the lower bound are a = 2.0 and b = 3.0. It is also worthy mentioning that if
a = b = 0, the material shows a perfect bonding material characteristic.
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To verify and further assess the proposed micromechanical framework, we compare the present predictions
with other numerical (Ju and Lee, 2001) and analytical (Kerner, 1956; Halpin and Kardos, 1976) predictions
and available experimental data (Zhou et al., 2004).
We ﬁrst compare the present prediction with the numerical prediction given in Ju and Lee (2001) for 6061-T6
aluminum alloymatrix/silicon-carbide particle composites under uniaxial tension inFig. 11. Similar to Section 4,
the elastic properties of the composites used in this simulation are (see Ju and Lee, 2001; Zhao andWeng, 1995;
Arsenault, 1984; Nieh and Chellman, 1984) E0 = 68.3 GPa, m0 = 0.33, E1 = 490 GPa, m1 = 0.17, ry = 250 MPa;
/ = 0.2. The compliance parameters a and b are assumed to be a = 2.0 and b = 3.0 (lower bound) to clearly show
the eﬀect of weakened interface on the stress–strain behavior of weakened particulate composites. The Weibull
parameters S0 and M are assumed to be S0 ¼ 1:09  ry , M ¼ 5. Clearly, the present weakened interface model
shows slightly high stress values during the evolution of weakened interface in comparison with the partial deb-
onding model (Ju and Lee, 2001). It should be noted that we do not display our predictions beyond the strain
value 11 = 0.004, which corresponds to the yielding stress of the Ju and Lee’s (2001) predicted response, in
the ﬁgure since the present model does not consider plastic formulations.
Our analytical predictions are compared with Halpin-Tsai’s analytical solutions (Kerner, 1956; Halpin and
Kardos, 1976) for particulate composites to validate the proposed micromechanical framework. The Halpin-
Tsai’s analytical equations predict the elastic moduli of composites with diﬀerent reinforcement geometries
changing from a sphere (aspect ratio of one in the principal material direction) to a long ﬁber (aspect ratio
approaching inﬁnity) (Halpin and Kardos, 1976). The analytical equation for the Young’s modulus of partic-
ulate composites is given by (Kerner, 1956; Halpin and Kardos, 1976; Lee and Simunovic, 2001)E ¼ 2ð1þ mÞ
/f lf
ð75mmÞlmþð810mmÞlf þ
/m
15ð1mmÞ
/f lm
ð75mmÞlmþð810mmÞlf þ
/m
15ð1mf Þ
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Fig. 11. The comparison of predicted overall elastic uniaxial responses of 6061-T6 aluminum alloy matrix/silicon-carbide particle
composites between the present perfect bonding and weakened interface damage models and Ju and Lee’s (2001) partial debonding model.
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by a rule of mixturesm ¼ mm/m þ mf/f ð30ÞThe following constituent elastic properties for carbon ﬁber polymer matrix composites are considered for
comparison: E0 = 3 GPa, m0 = 0.35, E1 = 380 GPa and m1 = 0.25 (Lee and Simunovic, 2001). Fig. 12 shows
the eﬀective (normalized) Young’s modulus versus volume fraction of particles predicted from the present per-
fect bonding and weakened interface models. In particular, various combinations of volume fractions of per-
fectly bonded particles (phase 1) and particles with weakened interface (phase 2) are considered in the
weakened interface model as: /1//2 = 9/1, 7/3, 5/5, 0/10 (lower bound). The compliance parameters are as-
sumed to be a = 2.0, b = 3.0. It is also assumed that the present weakened interface model is stationary
(no damage evolution). The theoretical prediction based on the Halpin-Tsai’s analytical solution is also plot-
ted in the ﬁgure. It is seen from Fig. 12 that the present prediction from the perfect bonding model (upper
bound) is almost identical with the Halpin-Tsai’s analytical solution. The present predictions from the weak-
ened interface model are well within the bounds.
To further assess the potential of the present framework, we compare the present prediction with experi-
mental data reported by Zhou et al. (2004) for the uniaxial stress–strain behavior of Mg–Al matrix with
Al2O3 particulate composites. Here, we adopt the elastic properties according to Zhou et al. (2004) as follow:
E0 = 73 GPa, m0 = 0.33, E1 = 400 GPa, m1 = 0.24, ry = 250 MPa, / = 0.48. It is emphasized that we need to
estimate the compliance parameters a and b given in Eq. (12) as well as the Weibull parameters S0 and M
in Eq. (18) due Zhou et al. (2004) did not report those parameters. In accordance with the experimental data
reported by Zhou et al. (2004), the above compliance and Weibull parameters are estimated to be: a = 2.0,
b = 3.0; S0 ¼ 625 MPa; M ¼ 5.
Based on the above material properties and parameters, we depict our uniaxial stress–strain predictions on
the composites with and without evolution of weakened interface against experimental data provided by Zhou
et al. (2004) in Fig. 13. Overall, the present prediction from the weakened interface model and the experimen-
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Fig. 12. The comparison between the present predictions with various combinations of volume fractions of perfectly bonded particles and
particles of weakened interface and the Halpin-Tsai’s theoretical prediction for eﬀective (normalized) Young’s modulus versus volume
fraction of particles.
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Fig. 13. The comparison between the present prediction and experimental data (Zhou et al., 2004) for overall uniaxial tensile responses of
Mg–Al matrix with Al2O3 particulate composites.
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Fig. 14. The good agreement between the present prediction and the experiment encourages for possible
use of the proposed micromechanical framework to modeling the imperfect interface in (quasi-brittle) partic-
ulate composites.6. Concluding remarks
A micromechanical framework to predict the eﬀective elastic behavior and weakened interface evolution of
particulate composites is presented. The Eshelby’s tensor for an ellipsoidal inclusion with slightly weakened
interface (Qu, 1993a,b) is employed to model spherical particles having imperfect interfaces in the composites
and is incorporated into the micromechanical framework. The eﬀective elastic moduli of three-phase particu-
late composites are derived based on the Eshelby’s micromechanics.
A damage model is subsequently considered in accordance with the Weibull’s probabilistic function to
characterize the varying probability of evolution of weakened interface between the inclusion and the matrix.
The proposed micromechanical elastic damage model is applied to the uniaxial, biaxial and triaxial tensile
loadings to predict the various stress–strain responses. Further, the present predictions are compared with
other numerical and analytical predictions and available experimental data to verify and assess the proposed
micromechanical framework.
The successful incorporation of the weakened interface model by a spring layer of vanishing thickness (Qu,
1993a,b) into governing micromechanical ensemble-volume averaged ﬁeld equations (Ju and Chen, 1994)
yields computational frameworks that enable us to predict the eﬀective elastic behavior and weakened inter-
face evolution of particulate composites, which can be portrayed as the ﬁrst noninteracting, micromechanics-
based approximation for weakened interface modeling.
It is observed from Figs. 2–10 that the eﬀect of weakened interfaces on the eﬀective stress–strain responses is
more pronounced as the damage evolution becomes rapid. It is found from the parametric study on the com-
pliance and Weibull parameters that higher a and b and lower S0, which is related the interfacial strength of
composites, lead to faster evolution of weakened interface. By contrast, if the a and b are low and the S0 is
8404 H.K. Lee, S.H. Pyo / International Journal of Solids and Structures 44 (2007) 8390–8406high, then the eﬀects of weakened interface are not pronounced when compared with the perfect bonding
model.
The proposed micromechanical framework is assessed by comparing the present predictions with other
numerical (Ju and Lee, 2001) and analytical (Kerner, 1956; Halpin and Kardos, 1976) predictions as well
as experimental data (Zhou et al., 2004). The predicted stress–strain behavior of particulate composites fea-
turing the current evolution in weakened interface is observed to be in good qualitative agreement with the
experimental data as shown in Fig. 13. However, further comparisons between numerical predictions based
on the proposed elastic damage model and other numerical simulations and experiments will be needed for
the calibration of the model parameters (a, b, S0, M).
In a forthcoming paper, a multi-step elastic damage model considering mildly, moderately, and severely
weakened interfaces will be formulated for a more realistic simulation of weakened interface evolution in par-
ticulate composites.
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Appendix A. Parameters K1, . . . ,K4 in Eqs. (14), (15), (21), and (22)
 
K1 ¼ 15ð1 m0Þ/1
x1ð2n2  1Þ þ n1ð3x1 þ 2w1Þ
2w1ð3x1 þ 2w1Þð1 2n2Þð1 3n1  2n2Þ
ð31Þ
K2 ¼ 15ð1 m0Þ/1
4w1ð1 2n2Þ
ð32Þ
K3 ¼ 600að1 m0Þ2/2
x2ð2n4  1Þ þ n3ð3x2 þ 2w2Þ
w2ð3x2 þ 2w2Þð1 2n4Þð1 3n3  2n4Þ
 
ð33Þ
K4 ¼ 300að1 m0Þ
2/2
w2ð1 2n4Þ
ð34Þin whichn1 ¼
/1
2w1
5x1ð1þ m0Þ
3x1 þ 2w1
þ 5m0  1
 
ð35Þ
n2 ¼
/1ð4 5m0Þ
2w1
ð36Þ
n3 ¼
/2
2w2
x2ð3v1 þ 2v2Þ
3x2 þ 2w2
þ v1
 
ð37Þ
n4 ¼
/2v2
2w2
ð38Þ
x1 ¼ 15ð1 m0Þ l1k0  l0k1ðl1  l0Þ 3ðk1  k0Þ þ 2ðl1  l0Þf g
þ 5m0  1 ð39Þ
x2 ¼ 1200að1 m0Þ2 l2k0  l0k2ðl2  l0Þ 3ðk2  k0Þ þ 2ðl2  l0Þf g
þ v1 ð40Þ
w1 ¼
ð7 5m0Þl0 þ ð8 10m0Þl1
2ðl1  l0Þ
ð41Þ
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l0
l2  l0
þ v2 ð42Þwithv1 ¼ ð80þ 480m0  400m20Þaþ 500ð1 2m0Þ2k0bþ ð98þ 140m0  50m20Þl0a
þ ð268 1240m0 þ 1300m20Þl0b ð43Þ
v2 ¼ ð320 720m0 þ 400m20Þaþ l0ð3aþ 2bÞð7 5m0Þ2 ð44ÞReferences
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